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A PARTIALLY OVERDETERMINED PROBLEM IN A HALF BALL
JINYU GUO AND CHAO XIA
Abstract. In this paper, we study a partially overdetermined mixed boundary value problem
in a half ball. We prove that a domain in which this partially overdetermined problem admits
a solution if and only if the domain is a spherical cap intersecting Sn−1 orthogonally. As
an application, we show a stationary point for a partially torsional rigidity under a volume
constraint must be a spherical cap.
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1. Introduction
In a celebrated paper [19], Serrin initiated the study of the following overdetermined boundary
value problem (BVP)
(1.1)

∆u = 1, in Ω
u = 0, on ∂Ω
∂νu = c, on ∂Ω,
where Ω is an open, connected, bounded domain in Rn with smooth boundary ∂Ω, c ∈ R is a
constant and ν is the unit outward normal to ∂Ω. Serrin proved that if (1.1) admits a solution,
then Ω must be a ball and the solution u is radially symmetric. Serrin’s proof is based on the
moving plane method or Alexandrov reflection method, which has been invented by Alexandrov
in order to prove the famous nowadays so-called Alexandrov’s soap bubble theorem [2]: any
closed, embedded hypersurface of constant mean curvature (CMC) must be a round sphere.
It is a common belief that the domain in which Serrin’s overdetermined BVP admits a solution
has close relationship with the CMC surfaces. One one hand, Serrin’s and Alexandrov’s proofs
of their theorems share the same Alexandrov reflection method. On the other hand, Weinberger
[23] and Reilly [16] offered alternative proofs of Serrin’s and Alexandrov’s theorems respectively,
based on an integral method. In particular, Reilly’s [16] proof utilizes the Dirichelt BVP
(1.2)
{
∆u = 1, in Ω
u = 0, on ∂Ω
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and conclude that if ∂Ω is of CMC, then the solution u to (1.2) must satisfy ∂νu = c, that is, u
is a solution to (1.1). We refer to a nice survey paper by Nitsch-Trombetti [14] for an overview
of Serrin type overdetermined problem and a collection of proofs to Serrin’s theorem, as well
as another nice survey paper by Magnanini [13] on the relationship of Alexandrov’s theorem
and Serrin’s theorem. We also refer to [8] on a recent progress on the relationship of these two
problems for unbounded domains.
In this paper, we study a partially overdetermined BVP where the domain lies in a ball. Let
Bn = {x = (x1, · · · , xn) ∈ Rn : |x| < 1}
be the open unit ball and
Bn+ = {x ∈ B
n : xn > 0}
be the open unit half ball and Sn−1 = ∂Bn be the unit sphere. Let Ω ⊂ Bn be an open bounded,
connected domain whose boundary ∂Ω consists of two parts Σ¯ and T = ∂Ω \ Σ¯, where Σ ⊂ Bn
is a smooth hypersurface and T ⊂ Sn−1 meets Σ at a common (n− 2)-dimensional submanifold
Γ ⊂ Sn−1. In particular Σ is a smooth embedded hypersurface in Bn with boundary Γ ⊂ Sn−1.
The CMC and minimal hypersurfaces in Bn with free boundary, which means the hypersur-
faces intersecting with Sn−1 orthogonally, attracts many attentions recently. One of inspiring
works is a series of papers of Fraser-Schoen [9, 10] about minimal hypersurfaces with free bound-
ary in a ball and the first Steklov eigenvalue.
The simplest examples of the CMC and minimal hypersurfaces in Bn with free boundary are
the spherical caps and the geodesic disk in Bn intersecting with Sn−1 orthogonally. Ros-Souam
[18] has proved, among other results, Alexandrov type theorem in this setting by using the
Alexandrov reflection method, see also [25] for a similar problem in a half space. Precisely, they
proved that if Σ is a smooth embedded hypersurface in Bn intersecting with Sn−1 orthogonally,
and Γ ⊂ Sn−1+ , the hemi-sphere, then Σ must be a spherical cap or the geodesic disk. Recently,
Wang and the second author [21] found an alternative proof of Alexandrov type theorem in this
setting when Ω ⊂ Bn+, based on an integral method and a solution to some mixed BVP, which
is in the spirit of Reilly [16] and Ros [17].
Motivated by the work of [21] and the relationship between CMC surfaces and overdetermined
BVP, we would like to study a partially overdetermined BVP in Bn+.
From now on we assume Ω ⊂ Bn+. We consider the mixed BVP in Ω¯:
(1.3)

∆u = 1, in Ω,
u = 0, on Σ¯,
∂N¯u = u, on T,
where N¯(x) = x is the outward unit normal of T . For a general domain, there might not exist
a solution to (1.3). Also, for a general domain, the maximum principle fails to hold. These
are due to the fact that the Robin boundary condition on T has an unfavorable sign. In our
case, where Ω ⊂ Bn+ and T ⊂ S
n−1, we can show that there always exists a unique non-positive
solution u ∈ C∞(Ω¯ \ Γ)∩Cα(Ω¯) to (1.3) for some α ∈ (0, 1), see Proposition 2.2 and 2.3 below.
One may wonder why we consider the Robin boundary condition ∂N¯u = u on T , but not the
usual homogenous Neumann boundary condition. This is because in the following special case
when
Ωr(a) := {x ∈ Bn+ : |x− a
√
1 + r2|2 < r2}, a ∈ Sn−1, r ∈ R+,(1.4)
one checks readily that
ua,r(x) :=
1
2n
(|x− a
√
1 + r2|2 − r2)(1.5)
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solves (1.3). We remark that the boundary part
Cr(a) := {x ∈ Bn+ : |x− a
√
1 + r2|2 = r2}
is a spherical cap which intersects Sn−1 orthogonally.
In this paper, we study the following partially overdetermined BVP in Ω¯:
(1.6)

∆u = 1, in Ω,
u = 0, on Σ¯,
∂νu = c, on Σ¯,
∂N¯u = u, on T.
Our main result is the following
Theorem 1.1. Let Ω be an open bounded, connected domain in B¯n+ whose boundary ∂Ω = Σ¯∪T ,
where Σ ⊂ B¯n+ is a smooth hypersurface and T ⊂ S
n−1 meets Σ at a common (n−2)-dimensional
submanifold Γ ⊂ Sn−1. Let c ∈ R. Assume the partially overdetermined BVP admits a weak
solution u ∈W 1,20 (Ω,Σ) to (1.6). Assume further that
u ∈W 1,∞(Ω) ∩W 2,2(Ω).(1.7)
Then c > 0, Ω = Ωnc(a) in (1.4) for some a ∈ Sn−1 and u = ua,nc in (1.5).
By a weak solution to (1.6), we mean
u ∈W 1,20 (Ω,Σ) := {u ∈W
1,2(Ω), u|Σ¯ = 0}
satisfies ∫
Ω
〈∇u,∇v〉 + v dx−
∫
T
uv dA = 0, for all v ∈W 1,20 (Ω,Σ)(1.8)
together with an additional boundary condition ∂νu = c on Σ. A regularity result by Lieberman
[12] shows that a weak solution u to (1.6) belongs to C∞(Ω¯ \ Γ) ∩ Cα(Ω¯) for some α ∈ (0, 1).
Higher order regularity up to the interface Γ = Σ¯∩ T¯ is a subtle issue for mixed boundary value
problem. The regularity assumption (1.7) is for technical reason, that is, we will use integration
method which requires (1.7) to doing integration by parts.
We remark that we do not assume Σ meets Sn−1 orthogonally a priori. It seems hard to
use the Alexandrov reflection method as Ros-Souam [18]. On the other hand, since the lack of
regularity of u on Γ, it is difficult to use the maximum principle as Weinberger’s [23].
Nevertheless, if Σ meets Sn−1 orthogonally, we can prove the regularity (1.7) (see Proposition
3.5). Therefore, we have the following
Theorem 1.2. Let Ω be as in Theorem 1.1. Assume in addition that Σ meets Torthogonally
at Γ ⊂ Sn−1. Let c ∈ R. Assume the partially overdetermined BVP admits a weak solution
u ∈ W 1,20 (Ω,Σ) to (1.6). Then c > 0, Ω = Ωnc(a) in (1.4) for some a ∈ S
n−1 and u = ua,nc in
(1.5).
We use a purely integral method to prove Theorem 1.1. Unlike the usual integration, our
integration makes use of a weight function xn, which is non-negative by the assumption Ω ⊂ Bn+.
A crucial ingredient in this paper is a conformal Killing vector field Xn, which has been proved
to be a powerful tool in [21]. See the end of Section 2 for its definition and properties. By
using Xn, we get a Pohozaev type identity, Proposition 3.2. Then with the usual P -function
|∇u|2 − 2
n
u, we show the identity ∫
Ω
xnu∆Pdx = 0.
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Theorem 1.1 follows since the P -function is subharmonic.
A closely related overdetermined problem in a hemi-sphere has been considered by Qiu and
the second author [15] (see also [7]). We also call attention to a similar partially overdetermined
problem in a convex cone which has been considered recently by Pacella-Tralli [22] (see also [6]
for its generalization to general elliptic operators). Their partially overdetermined BVP is of
mixed Dirichlet-Neumann type. Compare to their BVP, one of the difficulties in our case is that
the classical maximum principle can not be used directly. Another novelty in the ball case is
the use of weight integration.
Serrin’s solution to the overdetermined BVP (1.1) is closely related to an isoperimetric type
inequality for the so-called torsional rigidity. For a bounded connected domain Ω with smooth
boundary ∂Ω, the torsional rigidity is defined by
τ(Ω) = sup
06=u∈W 1,2
0
(Ω)
(∫
Ω vdx
)2∫
Ω |∇v|
2dx
.
By the direct method of Calculus of Variations, the supremum in τ(Ω) is achieved by the
unique function u satisfying (1.2). The isoperimetric problem for τ(Ω) is answered by Saint-
Venant’s principle (see e.g. [20]), which states that τ(Ω) ≤ τ(Br), where Br is a ball such that
Vol(Ω) = Vol(Br), with equality holds if and only if Ω = Br. On the other hand, one may
study stationary points for τ(Ω) among domains with fixed volume. It can be showed that a
stationary point for τ(Ω) must satisfy ∂νu = c. Thus Serrin’s solution to the overdetermined
BVP (1.1) implies the only stationary points for τ(Ω) are balls. We refer to [13] for a survey.
Analogously, our solution to the partially overdetermined BVP (1.6) in Ω $ Bn+ can be used
to study the following partially torsional rigidity:
τ˜(Ω) = sup
06=v∈W 1,2
0
(Ω,Σ)
(∫
Ω vdx
)2∫
Ω |∇v|
2dx−
∫
T
v2dA
.(1.9)
The well-definedness of τ˜ (Ω) can be seen in Section 2. One can show
∫
Ω |∇v|
2dx −
∫
T
v2dA is
coercive in W 1,20 (Ω,Σ), see (2.8) below. Thus by the direct method of Calculus of Variations,
the supremum in τ˜(Ω) is achieved by some multiple of the unique function u of (1.3). Moreover,
we have
τ˜(Ω) =
∫
Ω
|∇u|2dx−
∫
T
u2dA = −
∫
Ω
udx.(1.10)
One may ask whether a Saint-Venant type principle holds for τ˜(Ω), that is, whether
τ˜(Ω) ≤ τ˜(Ωr(a))?
Here Ωr(a) is given by (1.4) such that Vol(Ω) = Vol(Ωr(a)). We believe it is true. However, we
do not find a suitable symmetrization to prove this. We remark that in this setting, a relative
isoperimetric problem, which asks for the domain with least area among all domains in Bn with
preassigned volume, has its solution as Ωr(a), see [5], Theorem 18.1.3 or [4].
Our solution to the mixed overdetermined BVP (1.6) can be used to prove
Theorem 1.3. Let Ω be stationary for the partially torsional rigidity τ˜ under a fixed volume.
Assume that u which attains the supremum in τ˜(Ω) lies in W 1,∞(Ω)∩W 2,2(Ω). Then Ω = Ωr(a)
in (1.4).
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Here Ω is called stationary for τ˜ under a fixed volume if for any variation Ωt ⊂ Bn+ with fixed
volume,
d
dt
∣∣∣
t=0
τ˜(Ωt) = 0.
We show that if Ω is stationary, then the solution u which attains the supremum in τ˜(Ω) satisfies
∂νu = c on Σ in addition to (1.3), see Section 4. That is, Ω admits a solution to the mixed
overdetermined BVP (1.6). Therefore, Theorem 1.1 implies Theorem 1.3.
The rest of the paper is organized as follows. In Section 2, we study two kinds of eigenvalue
problems in Ω and use them to prove the existence and uniqueness of the mixed BVP (1.3).
We also review the conformal Killing vector field Xn and its properties. In Section 3, we prove
a weighted Pohozaev inequality and then Theorem 1.1. In Section 4, we study the partially
torsional rigidity and prove Theorem 1.3.
2. Mixed boundary value problem
From this section on, Let Ω be an open bounded, connected domain in B¯n+ whose boundary
∂Ω = Σ¯ ∪ T , where Σ ⊂ B¯n+ is a smooth hypersurface and T ⊂ S
n−1 meets Σ at a common
(n− 2)-dimensional submanifold Γ ⊂ Sn−1.
We consider the following two kinds of eigenvalue problems in Ω.
I. Mixed Robin-Dirichlet eigenvalue problem
(2.1)

∆u = −λu, in Ω,
u = 0, on Σ¯,
∂N¯u = u, on T.
The first Robin-Dirichlet eigenvalue can be variational characterized by
λ1 = inf
06=u∈W 1,2
0
(Ω,Σ)
∫
Ω |∇u|
2dx−
∫
T
u2dA∫
Ω u
2dx
.(2.2)
II. Mixed Steklov-Dirichlet eigenvalue problem. (see e.g. [1, 3])
(2.3)

∆u = 0, in Ω,
u = 0, on Σ¯,
∂N¯u = µu, on T.
The mixed Steklov-Dirichlet eigenvalue can be considered as the eigenvalues of the Dirichlet-to-
Neumann map
L : L2(T )→ L2(T )
u 7→ ∂N¯ uˆ
where uˆ ∈ W 1,20 (Ω,Σ) is the harmonic extension of u to Ω satisfying u = 0 on Σ. It is easy to
see L is a non-negative and self-adjoint operator. Thus (2.3) has discrete spectrum {µi}
∞
i=1,
0 < µ1 ≤ µ2 ≤ · · · → +∞.
The first eigenvalue µ1 can be variational characterized by
µ1 = inf
06=u∈W 1,2
0
(Ω,Σ)
∫
Ω |∇u|
2dx∫
T
u2dA
.(2.4)
In our case, we have
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Proposition 2.1.
(i) λ1(Ω) ≥ 0 and λ1 = 0 iff Ω = Bn+.
(ii) µ1(Ω) ≥ 1 and µ1 = 1 iff Ω = Bn+.
Proof. If Ω = Bn+, one checks that u = xn ≥ 0 indeed solves (2.1) with λ = 0 and (2.3) with
µ = 1. Since u = xn is a non-negative solution, it must be the first eigenfunction and hence
λ1(Bn+) = 0 and µ1(B
n
+) = 1.
On the other hand, for Ω ⊂ Bn+, by the variational characterization and a standard argument
of doing zero extension, one sees that λ1(Ω) ≥ λ1(Bn+) = 0 and µ1(Ω) ≥ µ1(B
n
+) = 1.
If Ω $ Bn+, then the Aronszajn unique continuity theorem implies λ1(Ω) > λ1(B
n
+) = 0. For
µ1, it has been proved in [3], Proposition 3.1.1, that µ1(Ω) > µ1(Bn+) = 1. 
Since ∫
Ω
|∇u|2dx−
∫
T
u2dA ≥ λ1
∫
Ω
u2dx, for u ∈W 1,20 (Ω,Σ),(2.5)
it follows from Proposition 2.1 (i) that the partially torsional rigidity τ˜ in (1.9) is well-defined.
Using Proposition 2.1 (ii), we show the existence and uniqueness of the mixed BVP.
Proposition 2.2. Let f ∈ C∞(Ω¯) and g ∈ C∞(T¯ ). Then the mixed BVP
(2.6)

∆u = f, in Ω,
u = 0, on Σ¯,
∂N¯u = u+ g, on T.
admits a unique solution u ∈ C∞(Ω¯ \ Γ) ∩ Cα(Ω¯) for some α ∈ (0, 1).
Proof. The weak solution to (2.6) is defined to be u ∈W 1,20 (Ω,Σ) such that
B[u, v] :=
∫
Ω
〈∇u,∇v〉 dx −
∫
T
uv dA =
∫
Ω
−fv dx+
∫
T
gv dA for all v ∈W 1,20 (Ω,Σ).(2.7)
From Proposition 2.1, we know 1− 1
µ1
> 0. Since∫
T
u2 dA ≤
1
µ1
∫
Ω
|∇u|2 dx, for u ∈W 1,20 (Ω,Σ),
we see
B[u, u] ≥ (1−
1
µ1
)
∫
Ω
|∇u|2 dx ≥
λ1(µ1 − 1)
µ1(1 + λ1)
‖u‖2
W
1,2
0
(Ω,Σ)
(2.8)
Thus B[u, v] is coercive on W 1,20 (Ω,Σ). The standard Lax-Milgram theorem holds for the
weak formulation to (2.6). Therefore, (2.6) admits a unique weak solution u ∈W 1,20 (Ω,Σ).
The regularity u ∈ C∞(Ω¯\Γ) follows from the classical regularity theory for elliptic equations
and u ∈ Cα(Ω¯) has been prove by Lieberman [12], Theorem 2. Note that the global wedge
condition in Theorem 2 in [12] is satisfied for the domain Ω whose boundary parts Σ and T
meets in a smooth (n − 2)-dimensional manifold, see page 426 of [12].

Proposition 2.3. Let u be the unique solution to (2.6) with f ≥ 0 and g ≤ 0. Then either
u ≡ 0 in Ω or u < 0 in Ω ∪ T .
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Proof. Since the Robin boundary condition has an unfavorable sign, we cannot use the maximum
principle directly. Since u+ = max{u, 0} ∈ W
1,2
0 (Ω,Σ), we can use it as a test function in the
weak formulation (2.7) to get∫
Ω
−fu+ dx+
∫
T
gu+ dA =
∫
Ω
|∇u+|
2dx−
∫
T
(u+)
2 dA.
Since f ≥ 0 and g ≤ 0, we have ∫
Ω
−fu+ dx+
∫
T
gu+ dA ≤ 0.
On the other hand, it follows from (2.5) that∫
Ω
|∇u+|
2dx−
∫
T
(u+)
2 dA ≥ λ1
∫
Ω
(u+)
2dx ≥ 0.
From above, we conclude that u+ ≡ 0, which means u ≤ 0 in Ω. Finally, by the strong maximum
principle, we get either u ≡ 0 in Ω or u < 0 in Ω ∪ T .

Proposition 2.4. Let eT be a tangent vector field to T . Let u be the unique solution to (2.6).
Then
(2.9) ∇2u(N¯ , eT ) = 0 on T.
Proof. By differentiating the equation ∂N¯u = u with respect to e
T , we get
∇eT (u) = ∇eT (〈∇u, N¯ 〉) = ∇
2u(N¯ , eT ) + 〈∇u,∇eT N¯〉
= ∇2u(N¯ , eT ) + 〈∇u, eT 〉.
Here we use the fact ∇eT N¯ = e
T . The assertion (2.9) follows. 
In the remaining of this section, we introduce an important conformal Killing vector filed in
Bn (see [21]) which plays a crucial ingredient for the proof of Theorem 1.1. Let
Xn = xnx−
1
2
(|x|2 + 1)En.
One can check directly that
LXnδij =
1
2
(∇iX
j
n +∇jX
i
n) = xnδij(2.10)
Xn|Sn−1 = −E
T
n and 〈Xn, N¯〉 = 0 on S
n−1(2.11)
where ETn = xnx− En is the tangential projection of En on S
n−1.
3. Partially overdetermined BVP
In this section we will use a totally integration method to prove Theorem 1.1. Due to the lack
of regularity, we need the following formula on integration by parts, see [22], lemma 2.1. (The
original statement [22], lemma 2.1 is for a sector-like domain in a cone. Nevertheless, the proof
is applicable in our case). We remark that a general version of integration-by-parts formula for
Lipschitz domains has been stated in some classical book by Grisvard [11], Theorem 1.5.3.1.
However, it seems not enough for our purpose.
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Proposition 3.1 ([22], lemma 2.1). Let F : Ω→ Rn be a vector field such that
F ∈ C1(Ω ∪Σ ∪ T ) ∩ L2(Ω) and div(F ) ∈ L1(Ω).
Then ∫
Ω
div(F )dx =
∫
Σ
〈F, ν〉dA +
∫
T
〈F, N¯ 〉dA.
We first prove a Pohozaev type identity for (1.6).
Proposition 3.2. Let u be the unique weak solution to (1.6) such that u ∈W 1,∞(Ω)∩W 2,2(Ω).
Then we have
(3.1)
∫
Ω
xn(|Du|
2 −
2
n
u− c2)dx = 0.
Proof. For convenience, we often omit writing the volume form and the area form in an integral.
We remark that, due to our assumption u ∈W 1,∞(Ω)∩W 2,2(Ω), Proposition 3.1 can be applied
in all the following integration by parts.
Multiplying 〈Xn,∇u〉 to the equation ∆u = 1 and integrating over Ω,∫
Ω
〈Xn,∇u〉 =
∫
Ω
〈Xn,∇u〉∆u.(3.2)
Integrating by parts and using (2.10) and (2.11), we see∫
Ω
〈Xn,∇u〉 =
∫
Ω
div(uXn)− udivXn
=
∫
T
u〈Xn, N¯〉+
∫
Σ
u〈Xn, ν〉 −
∫
Ω
udivXn
= −
∫
Ω
nxnu.(3.3)
On the other hand, integrating by parts, we get∫
Ω
〈Xn,∇u〉∆u =
∫
Ω
div(〈Xn,∇u〉∇u)− 〈∇〈Xn,∇u〉,∇u〉
=
∫
Ω
div(〈Xn,∇u〉∇u)−∇Xn(∇u,∇u)
−div(
1
2
|∇u|2Xn) +
1
2
|∇u|2divXn
=
∫
Σ
〈Xn,∇u〉〈∇u, ν〉 −
1
2
|∇u|2〈Xn, ν〉
+
∫
T
〈Xn,∇u〉〈∇u, N¯ 〉 −
1
2
|∇u|2〈Xn, N¯ 〉
+
∫
Ω
1
2
|∇u|2divXn −∇Xn(∇u,∇u)
=
∫
Σ
1
2
c2〈Xn, ν〉+
∫
T
〈Xn,∇u〉u
+
∫
Ω
1
2
|∇u|2divXn −∇Xn(∇u,∇u).(3.4)
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In the last equality we have used the boundary conditions (1.6) on Σ and T . Further integration
by parts and using (2.10) yields∫
Σ
1
2
c2〈Xn, ν〉 =
1
2
c2(
∫
Ω
divXn −
∫
T
〈Xn, N¯〉) =
n
2
c2
∫
Ω
xn.(3.5)
Since u ∈W 2,2(Ω), we know by the trace theorem (see e.g. [11]) that ∇Tu ∈W 1,2(T,Rn) where
∇Tu denotes the tangent component of ∇u on T . Doing integration by parts on T , using (2.11),
we have ∫
T
〈Xn,∇u〉u =
∫
T
〈−ETn ,∇(
1
2
u2)〉
= −
∫
Γ
1
2
u2〈ETn , µΓ〉+
∫
T
1
2
u2divTE
T
n
=
1− n
2
∫
T
xnu
2.(3.6)
In the last equality we have used u = 0 on Γ and the fact
divTE
T
n = (1− n)〈En, νT 〉 = (1− n)xn.
Using (2.10) again, we have∫
Ω
1
2
|∇u|2divXn −∇Xn(∇u,∇u) = (
n
2
− 1)
∫
Ω
xn|∇u|
2.(3.7)
Substituting (3.5)-(3.7) into (3.4), we get∫
Ω
〈Xn,∇u〉∆u =
n
2
c2
∫
Ω
xn +
1− n
2
∫
T
xnu
2 + (
n
2
− 1)
∫
Ω
xn|∇u|
2.(3.8)
Combining (3.2), (3.3) and (3.8), we get
n
2
c2
∫
Ω
xn +
1− n
2
∫
T
xnu
2 + (
n
2
− 1)
∫
Ω
xn|∇u|
2 +
∫
Ω
nxnu = 0.(3.9)
To achieve (3.1), we do a further integration by parts to get∫
Ω
xn|∇u|
2 =
∫
Ω
div(xnu∇u)− xnu∆u+ u∂nu
=
∫
T
xau〈∇u, N¯ 〉+
∫
Σ
xau〈∇u, ν〉 −
∫
Ω
xnu∆u+ u∂nu
=
∫
T
xnu
2 −
∫
Ω
xnu−
∫
T
1
2
xnu
2
=
∫
T
1
2
xnu
2 −
∫
Ω
xnu.
It follows that
1
2
∫
T
xnu
2 =
∫
Ω
xn|∇u|
2 + xnu.(3.10)
Substituting (3.10) into (3.9), we arrive at (3.1). 
Now we are ready to prove Theorem 1.1. Let
(3.11) P = |∇u|2 −
2
n
u
Proposition 3.3. ∆P ≥ 0 in Ω.
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Proof. By direct computation and using ∆u = 1,
∆P (x) = 2|∇2u|2 + 〈∇u,∇∆u〉 −
2
n
∆u ≥
2
n
(∆u)2 −
2
n
∆u = 0.

Proposition 3.4. Let u be the unique solution to (1.6) such that u ∈W 1,∞(Ω) ∩W 2,2(Ω) and
P is defined by (3.11). Then ∫
Ω
xnu∆P dx = 0.(3.12)
Proof. Since u ∈W 1,∞(Ω) ∩W 2,2(Ω), we see
div(xnu∇P − P∇(xnu)) ∈ L
1(Ω) and (xnu∇P − P∇(xnu)) ∈ L
2(Ω).
Applying integration by parts in Proposition 3.1, we have∫
Ω
xnu∆P =
∫
Ω
div(xnu∇P − P∇(xnu)) + ∆(xnu)P
=
∫
Ω
∆(xnu)P +
∫
Σ
xnu∂νP − ∂ν(xnu)P +
∫
T
xnu∂N¯P − ∂N¯ (xnu)P
=
∫
Ω
xnP + 2∂nuP +
∫
T
xnu∂N¯P − 2xnuP +
∫
Σ
−cxnP.(3.13)
By Pohozeav’s inequality (3.1),∫
Ω
xnP =
∫
Ω
xn(|∇u|
2 −
2
n
u) = c2
∫
Ω
xn.(3.14)
On the other hand, using integration by parts, we have∫
Ω
2∂nuP =
∫
Ω
2∂nu(|∇u|
2 −
2
n
u)
=
∫
T
2xnu(|∇u|
2 −
2
n
u)−
∫
Ω
2∂n(|∇u|
2 −
2
n
u)u
=
∫
T
2xnu(|∇u|
2 −
2
n
u)−
∫
Ω
2∂i(u
2)∂2inu−
2
n
∂n(u
2)
=
∫
T
2xnu|∇u|
2 − 2u2∇2u(N¯ , En)−
2
n
xnu
2 +
∫
Ω
2u2∂n(∆u)
=
∫
T
2xnu|∇u|
2 − 2xnu
2∇2u(N¯ , N¯)−
2
n
xnu
2.(3.15)
In the last equality we used (2.9).
Also∫
T
xnu∂N¯P − 2xnuP =
∫
T
2xnu∇
2u(∇u, N¯ )−
2
n
xnu∂N¯u− 2xnu(|∇u|
2 −
2
n
u)
=
∫
T
2xnu
2∇2u(N¯ , N¯) +
2
n
xnu
2 − 2xnu|∇u|
2(3.16)
In the last equality we again used (2.9) and also ∂N¯u = u on T .
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By integration-by-parts, we have∫
Ω
xn =
∫
Ω
div(xn∇u− u∇xn) + u∆xn
=
∫
Σ
xn∂νu− u∂νxn +
∫
T
xn∂N¯u− u∂N¯xn
=
∫
T
xnu− xnu+
∫
Σ
cxn = c
∫
Σ
xn.(3.17)
Noting that P = c2 on Σ. It follows from (3.17)∫
Σ
−cxnP = −c
3
∫
Σ
xn = −c
2
∫
Ω
xn.(3.18)
Finally, substituting (3.14)-(3.18) into (3.13), we get the conclusion (3.12). 
Proof of Theorem 1.1. From Propositions 2.3 and 3.3 as well as Ω ⊂ Bn+, we have
xnu∆P ≤ 0 in Ω.(3.19)
We also know from Proposition 3.4 that
∫
Ω xnu∆P dx = 0. It follows that
xnu∆P ≡ 0 in Ω.
Since u < 0 in Ω by Proposition 2.3, we conclude ∆P ≡ 0 in Ω. From the proof of Proposition
3.3, we see immediately that ∇2u is proportional to the identity matrix in Ω. Since ∆u = 1, we
get u = 12n |x− p|
2 +A for some p ∈ Rn and A ∈ R.
By the connectedness of Ω and u = 0 on Σ, we conclude that Σ is part of a round sphere.
Using ∂νu = c one verifies that Ω = Ωnc(a) and u = ua,nc. 
Theorem 1.1 has been proved under the regularity assumption (1.7) on u. In the special case
when Σ meets T orthogonally at Γ, we can prove (1.7) is always true.
Proposition 3.5. Let Ω be as in Theorem 1.1. Assume that Σ meets T orthogonally. Let
u ∈W 1,20 (Ω,Σ) be a weak solution to (1.3). Then u ∈W
2,2(Ω) ∩ C1,α(Ω¯) for some α ∈ (0, 1).
Proof. Our proof follows the one in Pacella-Tralli [22] closely. Instead of flattening the boundary
of the barrier and using planar reflection, here we use directly spherical reflection.
By the classical regularity theory for elliptic equations, we know that u ∈ C∞(Ω¯\Γ). It is
remained to prove the regularity up to Γ.
Denote v(x) := u(x)e−|x| for any x ∈ Ω¯. Then (1.3) becomes
(3.20)

Lv(x) = 1, in Ω,
v(x) = 0, on Σ¯,
∂N¯v = 0, on T,
where Lv(x) := e|x|∆v + 2e|x|〈 x|x| ,∇v〉+ e
|x|(1 + n−1|x| )v(x).
Fix a point x0 ∈ Γ, we take a small neighborhood U0 of x0 in Rn and consider the spherical
reflection of Ω˜ := U0 ∩ Ω:
Φ : Ω˜→ Ω˜ref := Φ(Ω˜)
x 7→
x
|x|2
.
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Φ is a diffeomorphism between Ω˜ and Ω˜ref . Note that the condition that Σ meets T orthogonally
guarantees domain Ω0 := Ω˜∪Ω˜ref∪(U0∩T ) is C
2 near x0. Denote Σ˜ := U0∩Σ and Σ˜ref := Φ(Σ˜).
Next, we define
(3.21) w(x) =
{
v(x), x ∈ Ω˜ ∪ (U0 ∩ T )
v
(
x
|x|2
)
, x ∈ Ω˜ref .
Using the boundary condition of (3.20), we can check that w(x) ∈ C2(Ω0). In fact, we only need
to check w is C2 across Ω0 ∩ T . By direct computation, we have, for p ∈ Ω0 ∩ T ,
(1) limx→p− w = limx→p+ w;
(2) ∂N¯−w = ∂N¯+w = 0 at p;
(3) ∂2
N¯N¯−
w = ∂2
N¯N¯+
w = e−1(∂2
N¯N¯
u− u) at p.
Here ∂N¯∓ means the left (right) first derivative and
∂2
N¯N¯∓
w = lim
t→0∓
1
t2
(
w(p + tN¯)− w(p − tN¯)− 2w(p)
)
means the left (right) second derivative from Ω˜ (Ω˜ref ) along N¯ . The C
2-continuity of w across
Ω0 ∩ T follows.
Moreover, in view of (3.20) with (3.21), we define a uniformly elliptic operator Q in Ω0 as
follows
Qw := aijwij + bkwk + cw in Ω0
where
aij(x) =
{
e|x|δij , x ∈ Ω˜ ∪ (U0 ∩ T )
e
1
|x| |x|4δij , x ∈ Ω˜ref ,
bk(x) =
{
2e|x| · xk|x| , x ∈ Ω˜ ∪ (U0 ∩ T )
e
1
|x| ((4− 2n)|x|2 − 2|x|)xk, x ∈ Ω˜ref ,
c(x) =
{
e|x|(1 + n−1|x| ), x ∈ Ω˜ ∪ (U0 ∩ T )
e
1
|x| (1 + (n − 1)|x|), x ∈ Ω˜ref .
Then we have Qw = 1 in Ω0. We observe that aij ∈ C
0(Ω¯0), bk ∈ L
∞(Ω0) and c ∈ C
0(Ω¯0).
Since w(x) = 0 along ¯˜Σ ∩ Σ˜ref , we can deduce from Theorem 9.15 in [24] that w ∈W
2,p(U) for
some neighborhood U ⊂ Ω¯0 of x0 for any p. Restricting w to a neighborhood of x0 in Ω and
taking account that u is smooth in the interior of Ω, we conclude that u ∈ W 2,p(Ω) for any p.
By Sobolev-Morrey’s embedding theorem, u ∈ C1,α(Ω¯). 
Proof of Theorem 1.2. Theorem 1.2 follows from Proposition 3.5 and Theorem 1.1. 
4. Partially torsional rigidity
In this section, we study the partially torsional rigidity. We first derive the Hadamard varia-
tional formula.
Proposition 4.1. Let Σt, t ∈ (−ǫ, ǫ) be a smooth variation of Σ given by a family of embedding
xt : Sn−1+ → B
n
+ such that x
0(Sn−1+ ) = Σ and
d
dt
|t=0x
t = Y ∈ TSn−1. Let Ωt be the enclosed
domain by Σt and Sn−1. Then
d
dt
∣∣∣
t=0
τ˜(Ωt) =
∫
Σ
(∂νu)
2〈Y, ν〉dA.
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Proof. Let u(t, ·) be the unique solution of (1.3) for Ω = Ωt. Then
τ˜(Ωt) = −
∫
Ωt
u(t, x)dx.
Denote u = u(0, x) and u′(0, ·) = ∂
∂t
∣∣∣
t=0
u(t, ·). Thus
d
dt
∣∣∣
t=0
τ˜(Ωt) = −
∫
Σ
u〈Y, ν〉dA−
∫
Ω
u′(0, x)dx = −
∫
Ω
u′(0, x)dx.
By taking derivative with respect to t for
(4.1)

∆u(t, x) = 1, x ∈ Ω,
u(t, xt) = 0, xt ∈ Σt,
∂N¯u(t, x) = u(t, x), x ∈ T
t,
we get
(4.2)

∆u′(0, x) = 0, in Ω,
u′(0, x) + 〈∇u(0, x), Y 〉 = 0, on Σ,
∂N¯u
′(0, x) = u′(0, x), on T.
It follows from integration-by-parts in Proposition 3.1 and (4.2) that
−
∫
Ω
u′(0, x)dx = −
∫
Ω
u′(0, x)∆u(0, x)dx
=
∫
T
∂N¯u
′(0, x)u(0, x) − u′(0, x)∂N¯u(0, x)dA
+
∫
Σ
∂νu
′(0, x)u(0, x) − u′(0, x)∂νu(0, x)dA
=
∫
T
u(0, x)u′(0, x) − u′(0, x)u(0, x)dA +
∫
Σ
〈∇u(0, x), Y 〉∂νu(0, x)dA
=
∫
Σ
(∂νu)
2〈Y, ν〉dA.
The assertion follows. 
Proposition 4.2. Let Ω be stationary for τ˜ among all domains with fixed volume. Let u be the
unique weak solution of (1.3) in Ω, Then u satisfies in addition that ∂νu is a constant along Σ.
Proof. For the same variation as in Proposition 4.1, it is well-known that
d
dt
∣∣∣
t=0
Vol(Ωt) =
∫
Σ
〈Y, ν〉dA.
Using the Hadamard formula, since Ωmax is a maximizer, we find there exists a Lagrangian
multiplier λ such that ∫
Σ
(∂νu)
2〈Y, ν〉dA = λ
∫
Σ
〈Y, ν〉dA.
This holds for all Y ∈ TSn−1. Thus ∂νu is a constant along Σ. 
Proof of Theorem 1.3. Theorem 1.3 follows from Proposition 4.2 and Theorem 1.1. 
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